ABSTRACT Power line communication (PLC) is an attractive approach to provide information transfer services for the smart home. The PLC network inherently suffers from the severe channel fading and impulsive noise. According to the mode of impulsive and the impulsive occurrence, the PLC channel can be modeled as the channel with memory. We compute the achievable rate by employing the Markov process with a finite number of states based on the dependence among the impulsive occurrence numbers in different time slots. Furthermore, the cumulative distribution function (CDF) for the received signal-to-noise ratio is derived with the statistical characteristics of the PLC channel. This helps in obtaining the ergodic capacity and outage probability for the PLC channels. We finally present the simulation results to verify the analytical results.
I. INTRODUCTION
Power line communication (PLC) can provide Internet access for various types of electrical devices, which has attracted great attention recently and enabled wide applications in the smart grids. In the past few years, the dramatic development of the access network in electrical medium-voltage has led to the broadband PLC. Nowadays, the data rate in the broadband PLC can be up to around two Gbps [1] . At the same time, the narrow-band PLC is considered as a promising communication technology for smart home applications, such as power meter reading, electrical equipment auto-controlling, and networking of consumer appliances [2] .
However, PLC encounters a more hostile environment when compared with the conventional wired and wireless communications due to severe signal fading and impulsive noises [3] . In general, the impulsive noise in PLC channel occurs randomly with a short duration and a high power spectral density [4] . Therefore, the signal-to-noise ratio (SNR) of the PLC channel falls dramatically in the presence of impulsive noises. In addition, the multi-path effect is the serious problem, which causes the frequency selective fading [5] , [6] . Furthermore, the PLC networks are branch-based topology.
As a result, transmitted signals are reflected at connected pointed, capacitor banks, and transformers, which results in fast fading [7] . In this case, performance evaluation, especially the capacity analysis, for the PLC channel becomes a crucial topic.
Initially, the performance analysis for PLC channels mainly focus on the measurements of the coherence bandwidth [8] . The basic idea of this approach is that the bandwidth of the coherence bandwidth is broader than the transmitted signal. According to the transmission line theory [9] , a distance-based signal attenuation channel model has been developed and the capacity of the PLC channel has been further estimated in [10] . Although this specific data-based performance analysis is accurate in particular cases, it cannot be generalized. In this case, the distancebased statistical channel model has been introduced in [11] to generalize the performance analysis. Similarly, a statistical PLC channel model has been proposed in [12] , where the PLC channel is considered as the combination of several PLC sub-channels with log-normal fading.
Recently, the performance analysis of the PLC channel with impulsive noises has drawn tremendous interests [13] - [15] . Reference [14] is one of the representative studies that tackle this fundamental issue with Gaussian signaling to approximate the impulsive noise. Nonetheless, the method cannot be applied in the low-power region. In this case, the impulsive noise in the PLC channel is modeled as the Bernoulli-Gaussian noise [16] , [17] , in which channel noise is considered as the combination of the impulsive and Gaussian noises. As a result, PLC systems run in either of the two noise states, which are the Gaussian noise and impulsive noise states. With the computation of the differential entropy of the system for these two states, the capacity can be derived [16] . In addition, the performance analysis for the PLC channel under Bernoulli-Gaussian noise has been discussed in [17] , where the performance analysis is conducted by approximating the impulsive noise as the sum of several Gaussian noises with zero mean and constant variances [1] . However, the number of the Gaussian noises is assumed to be constant, which unfortunately is not practical, since the impulsive noise in a PLC system depends on the number of turning on/off of electrical equipment that vary dynamically, which leads to the variation of the number of the Gaussian noises used to approximate the impulsive noise.
An effective approach to solving the problem is to adopt the Middleton class-A noise model, in which the impulsive noise is described with several states. To distinguish different impulsive noise states, the impulsive occurrence number (ION) in a time slot is used as the index. Similarly, the impulsive noise modeled as the Middleton class-A noise can also be approximated as the sum of the Gaussian noises. However, in different states, there are different numbers of Gaussian noises used to approximate the impulsive noise, corresponding to the various numbers of turning on/off of electrical equipment. For this reason, the Middleton class-A modeled noise is a more accurate estimate of the impulsive noise than the Bernoulli-Gaussian model according to the comparison in [18] . With the Middleton class-A model, the closed-form expressions of the bit error rate (BER) and capacity for the PLC channel have been derived in [19] by computing the average mutual information for each noise state. Moreover, the point-to-point PLC has been studied in [1] , where the signal model with OFDM has been formulated and the upper and lower capacity bounds for the PLC channel under impulsive noise have been further derived. However, the ION is considered to follow Poisson distribution and thus different noise states are independent. Nonetheless, different noise states are generally not independent in PLC systems since they correspond to the turning on/off of related electrical equipment.
To establish a practical model for the impulsive noise channel, where noise states are non-independent, a Markov process is adopted to describe the Middleton class-A modeled impulsive noise [5] , [19] , [20] . Generally, the current state can be estimated by the previous states in a Markov process [5] . Inspired by this idea, the ergodic capacity for the impulsive noise modeled as the Middleton class-A noise has been derived in [19] . Similarly, the performance of a multiple input multiple output (MIMO) PLC system has been analyzed in [20] , where the impulsive noise is modeled as a two-state Markov process. However, the Markov states in these studies are assumed independent to avoid complex computation. Therefore, performance analysis for the impulsive noise with non-independent states in the PLC channel is still a challenge.
In this paper, we model the impulsive noise with the Middleton class-A model and the PLC channel is modeled as a memory channel. We use Markov processes to describe the PLC channel with memory, and then derive the achievable rate, ergodic capacity, and outage probability. In particular, we list our five-fold contributions below.
• We model the PLC channel with memory as a Markov process, where the Markov states are mutually dependent. By using the finite state memory channel FSMC) theory [21] , we derive the closed-form expression of the achievable rate for the PLC channel with memory.
• With the combination of PLC sub-channels, we formulate the fading of the PLC channel as a log-normal sum function, which is approximated by a specific exponential function to derive the cumulative distribution function (CDF) of the received SNR.
• Based on the derived CDF of the received SNR for the PLC channel, we derive the ergodic capacity and outage probability for the PLC channels with the Taylor's extension and Hermite polynomial.
The remainder of this paper is organized as follows. In Section II, the PLC system and channel models are described. In Sections III, we derive the closed-form expressions of the achievable rate for the PLC channel with memory. Then we use the results of Sections III to evaluate the ergodic capacity and outage probability for the PLC channel with memory in Sections IV. In Section V, we present the numerical results. Finally, we summarize the main findings in Section VI.
II. PLC CHANNEL AND SYSTEM MODEL A. PLC CHANNEL MODEL
As shown in Fig. 1 , we design a smart home PLC infrastructure that composes of several sub-circuits. In addition, the single-phase transformer is adopted to isolate the subcircuits, which is suitable for the smart home users due to its low cost and small size. Such a structure can bring safe power utility and convenient maintenance for smart home users. In the system, there are several parallel power lines used for different sub-circuits. Hence, we use these power lines to transmit signals simultaneously to improve data rate. Furthermore, due to the isolation with the transformer, the transmitting signals over power lines in different sub-circuits do not interfere with each other. Therefore, signals can be transmitted from the transmitter to the receiver via multiple sub-circuits independently. In this case, we model the PLC channel with diversity PLC sub-channels, as shown in Fig. 2 .
As shown in Fig. 2 , there is a buffer used by the transmitter and receiver respectively to collect the transmitting data. In addition, we adopt the binary phase shift keying (BPSK) to modulate symbols transmitting via the L PLC sub-channels. The receiver can receive the symbols from these sub-channels by combining them from frequency, time, and space. Hence, the L sub-channels can be treated as one PLC channel.
In the PLC system, the input signal is transmitted via the L sub-channels from the transmitter to the receiver. The received signal y l of the
where x l is the signal transmitted via the lth sub-channel, z l is the received noise of the sub-channel, and h l is the channel gain of the sub-channel. We use the maximal-ratio combining (MRC) [22] to combine the L sub-channels as one PLC channel. Then we can obtain the optimal received SNR of the PLC channel as
where γ is the received SNR, w l is the weight for the lth subchannel, P s is the transmit power, and σ 2 is the channel noise variance.
Let w l be proportional to the gain of the lth sub-channel. Specifically, we define w l = µ × h l , where µ (µ ≤ 0) is a constant. We define γ p = P s σ 2 and the received SNR is given as
The noise in the combined PLC channel, according to [4] and [13] , is considered as a combination of the Gaussian and impulsive noises, i.e.,
where z g and z w are the Gaussian and impulsive noises.
B. SYSTEM MODEL PLC systems have recently been widely deployed in buildings, homes, and enterprises. In these places, electrical equipment is frequently turned on/off, which generates a lot of impulses. Moreover, frequency conversion equipment, such as air-conditioners, can also generate impulses when shifting working frequencies. In practical PLC systems, the IONs are non-independent with those of the previous time slots. Let us take a building with a constant number of switches as an example. When different numbers of these switches are dynamically turned on/off, different numbers of impulses are generated. The number of switches turned on/off in a time slot is predictable according to the numbers of switchers turned on/off in the previous time slots. As a result, the ION of the current time slot is relevant to the IONs of the previous time slots. Therefore, we use two noise states in Fig. 3 as an example, where the ION is three and four impulsive occurrences. In this system, the PLC channel under impulsive noise with non-independent IONs can be considered as a channel with memory and has a finite number of states.
According to [23] , since the PLC channel can be considered to be quasi-stationary (or quasi cyclostationary), the channel state information (CSI) can be obtained by the terminal nodes by using a feedback channel. If the ION in one time slot is m (0 ≤ m ≤ M − 1), we use m different Gaussian noises to approximate the impulsive noise. In this scenario, FIGURE 4. The application of the Markov chain with a finite number of states to the PLC system with impulsive noise. P i ,j , 0 ≤ i , j ≤ M − 1, denotes the transition probability from the i th state to the j th state, s i represents the i th state, and P i (y |x, s i ) denotes the conditional probability of the i th state of the output y conditioned on x.
we model the PLC channel with memory as a non-redundant and periodic stable Markov process with a finite number of states as shown in Fig. 4 . Here, we use system state m to represent ION m in the time slot.
In the Markov process, the state set is defined as
where s m represents the system in the mth state and T is the transposition operator.
In the system, the Markov chain is positive recurrent and ergodic. Let U n be the system state at time slot n and P be the transition probability matrix. Then we have
where s i and s j are the states in U and P i,j , 0 ≤ i, j ≤ M − 1, represents the state transition probability that the system shifts from the ith state at time slot n to the jth state at time slot n + 1. We define β m as the occurrence probability of the mth state. According to [19] , the PDF of the impulsive noise in the PLC channel with memory modeled with a M -state Markov process can be given as
where σ 2 m is the variance of the noise in the mth state.
III. ACHIEVABLE RATE ANALYSIS
In the PLC channel with memory shown in Fig. 4 , the probability of the current state can be predicted by the past inputs and outputs. Therefore, we can calculate the achievable rate for the PLC system according to its past inputs and outputs.
Since the transmitting and receiving buffers are equipped for the transmitter and receiver of PLC channels as in Fig. 2 , the past inputs and outputs can be obtained in the buffers. Let x n and y n be the input and output of the PLC channel with memory at time n, respectively. According to (6) and Fig. 4 , the output probability conditioned on the input and system state at time n is
where U n is the current state of the system at time n, p m (y|x) = Pr (y|x, U = s m ), and I (U n , s m ) is
We use the form b n = (b 1 , ..., b n ) for b i = x, y, or U for i = 1, ..., n. Since the current state is independent with the previous inputs and outputs, we have
Since the PLC channel is considered to be memoryless for each state, we have
With the assumption that x n is independent of the previous inputs and outputs, we have
Combining (10) and (12), we obtain
Similarly, from (11) and (13) we have
Here we define ρ n = (ρ n (1), ..., ρ n (M )) as an M -dimensional conditional state distribution vector conditioned on the outputs and ς n = (ς n (1), ..., ς n (M )) as the M -dimensional conditional state distribution vectors condition on the outputs and inputs, where
and
With ρ and ς , the achievable rate of the PLC channel with memory can be obtained by Theorem 3.
Theorem 1 Given N (N → ∞) inputs and outputs, the achievable rate of the PLC channel with memory R mry is
where γ m is the received SNR for the channel in the mth state.
Proof: See Appendix A. Theorem 1 provides a method to estimate the achievable rate of a PLC channel with memory. According to (17) , VOLUME 6, 2018 we notice that the achievable rate depends on ς n and ρ n . In the following, a recursive method is employed to calculate these two conditional probabilities.
First, we set the initial values of ς and ρ as
where p(U 0 = s i ) represents the probability that the system is at the ith state initially. p(U 0 ) equals the occurrence frequency of state s i . Second, by using Bayes' rule, we have
where
With (8) and (20), we have
Substituting (21) into (19), we have
Finally, the conditional probability for the mth state can be calculated with
Similarly, we can utilize the following recursive formula to compute ρ n+1 as
According to [21] , the sequences ς n and ρ n converge when the initial states are independent and the number of the initial states is finite. Due to the convergence of ς n and ρ n , the algorithm to calculate the achievable rate with (17) converges.
IV. ERGODIC CAPACITY AND OUTAGE PROBABILITY
In this section, we analyze the ergodic capacity of the PLC channel. For the analysis, the channel gain is assumed to vary across transmitted symbols and the duration of the communication time is assumed to be long enough for the channel to experience all states.
According to [12] and [24] , the gain h l of the PLC sub-channel in Fig. 2 follows a lognormal distribution with PDF f h l (x) given as
where µ and σ 2 are the mean and variance of ln x, which is a Gaussian random variable. We define µ γ = 2µ and σ γ = 2σ . Then the PDF of h 2 l can be given as
Define t = L l=1 h 2 l and with [25] we can approximate the PDF of the received SNR as
where λ = ln 10 10 and a 0 , a 1 , and a 2 are constants. With (27) , we can obtain the CDF of the received SNR as
2 dt. The closed-form expressions of ergodic capacity (in bits/s/Hz) for the PLC channel with memory are presented in Theorems 2. To derive the ergodic capacity for the PLC channel with memory, we assume that T N , which is the time duration for the N inputs and outputs, is large enough to ensure that all the system states can be experienced.
Theorem 2 Given the PLC channel with memory under impulsive noise with a finite number of states, if the CSI and the noise states are open to the receiver, the ergodic capacity C mry is
Proof: See Appendix B. The outage probability is defined as the probability that the data rate drops below an acceptable threshold T R . The outage probability can be used as a crucial measure to the quality of service for PLC systems.
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The outage probability of the PLC channel with memory P mry is
where T D is the threshold of the data rate for the PLC channel with memory. Then, (30) can be written as
V. NUMERICAL RESULTS
In this section, we obtain numerical results with MATLAB and compare with the analytical results to verify our derivations. The parameters are chosen based on the HomePlug AV2 standard [26] , tabulated in Table 1 . Here the transmit SNR is defined as P s /σ 2 (dB) = 10 log 10 (P s /σ 2 ). To simulate the PLC channel, we generate the impulsive noise with different IONs for different slots. To facilitate comparison, we consider three scenarios related to different average IONs, which are A = 0.01, A = 0.1, and A = 0.5. The number of PLC sub-channels L in Fig. 2 is 10 . In addition, we set as 0.01, 0.1, 0.5, and 10 by adjusting the pulse widths. The parameter of PLC channel fading a 0 , a 1 , and a 2 are set as 8.21, 12.37, and 0.02. The power of impulsive noise and Gaussian noise are set as -15 dB and 2.5 dB, respectively. To set up the simulation environment, we consider a PLC channel with three noise states. Specifically, ION equals 2, 6, and 10, respectively. Afterwards, we mix these three impulsive noises randomly to construct three testing environments including light, medium, and heavy impulsive noise environments. In the light impulsive noise environment, the proportions of the three impulsive noises, of which ION equals 2, 6, and 10, are respectively set as 94%, 5%, and 1%. In the medium impulsive noise environment, the proportions are set as 30%, 50%, and 20%. In the heavy impulsive noise environment, the proportions are set as 1%, 5%, and 94%, respectively. Finally, A in the three environments is around 0.5, 0.1, and 0.01, respectively. As a benchmark, we also consider the memoryless PLC channel, where the impulsive noise occurrence follows the Poisson distribution [27] . To compare the proposed PLC channel with memory with the memoryless PLC channel, the parameters for the memoryless PLC channel, such as ION, A, and L are set to be the same with those for the PLC channel with memory in the light impulsive noise environment.
According to Fig. 4 , we construct a three-state Markov system given the three testing environments and the transition probability matrix is calculated according to (6) . Furthermore, we derive ς and ρ for the three testing environments, respectively. The inputs of the PLC channel with memory are Gaussian signals. Then, we obtain the achievable rates of the PLC channels with memory under the three testing environments using (17) , as demonstrated in Fig. 5 . The highest achievable rate of the memory PLC channel is achieved in the light impulsive noise environment. We observe that the achievable rate of the memoryless PLC channel is higher then that of the PLC channel with memory in the light impulsive noise environment. The reason is that the entropy between the input and output signals of the memoryless PLC channel is larger than that in the PLC channel with memory according to [27] . To verify the ergodic capacity, we set the values of the parameters ω i and q i as shown in Table 2 . Additionally, the accuracy of the results computed by (29) depends on J . A larger J can help to obtain a more accurate approximation while leading to a significant increase in complexity. In the following, we let J = 10. Fig. 6 shows the ergodic capacity versus the transmit SNR for the PLC channel with memory in three testing environments. The analytical results are obtained by (29), which are consistent with those of Monte-Carlo. The decrease of A leads to a larger gap of the curves of the ergodic capacities. The reason is that the increase of the occurrence probability for the light impulsive noise state leads to the longer time for the system staying in the light impulsive noise state. For the same reason, the ergodic capacity of the PLC channel with memory is larger than that of the memoryless PLC channel, which is demonstrated in Fig. 6 . Fig. 7 shows the outage probability versus the transmit SNR for the PLC channels, which is obtained by (31). Similarly, the analytical and simulation results are consistent. The outage probability becomes worse with the increase of A or . However, the outage probability of the PLC system is much better when is reduced since the increase of can reduce the received SNR dramatically. Meanwhile, the outage probability for the memoryless PLC channel is much better than that of the PLC channel with memory since the received SNR of the memoryless PLC channel is larger than that of the PLC channel with memory, even with the same A and . Especially, the outage probability increases rapidly when becomes very large, i.e., = 10. This is because a large indicates that the impulse is of a very long time duration, which results in a significant decrease of the received SNR.
VI. CONCLUSIONS
In this paper, we analyze the performance of PLC systems under impulsive noise. We model the PLC channel with memory as a Markov process and have derived its achievable rate by computing the conditional state probability and the achievable rate of each state. By adopting an accurate approximation for the lognormal sum functions, we obtain the CDF for the received SNR. Based on the CDF, we have developed expressions of the ergodic capacity and outage probability for the PLC channel with memory. Furthermore, we have verified the accuracy and the correctness of our analyses with numerical results.
APPENDIX A PROOF OF THEOREM 1
Proof: First, we define the input and output sequences of the PLC channel as X N and Y N . Therefore, X N can be given as {x 1 , x 2 , · · · , x N }, where x n , 1 ≤ n ≤ N has N possibilities. For any X N and Y N , we can express their mutual information as I X N ; Y N , which represents the amount of information. Therefore, if we can choose an X N from all available input sequences, which ensures that the mutual information achieves its maximum value, the maximum mutual information is considered as the achievable rate of the PLC channel, expressed as
where X N is the set of all available input sequences of X N and I X N ; Y N represents the mutual information, given by
where the output entropy H (Y ) = E (− log p (y)) and the conditional entropy H (Y |X ) = E (− log p (y|x)). Accordingly, we have
Substituting (34) and (35) into (32), we obtain
With the definition of the conditional entropy, we have
According to (8) , we have log p y n |x n , x n−1 , y
With (35) Since the sum of normal distributed variables is also normal distributed, the following expression holds 
For the mth state, the noise is Gaussian and we assume that the source is Gaussian. Therefore, the received signal follows a Gaussian process and we have E (log p (y n |U n = s m )) = 
where P r is the power of the received signal.
With the combination of (42) 
Hence, (17) holds, which completes the proof of Theorem 3.
APPENDIX B PROOF OF THEOREM 2
Proof: In the following, we consider the ergodic capacity of PLC channels where the channel gains are given in (27) . According to (17) , the ergodic capacity of the PLC channel with memory can be written as
In high SNR systems, 
According to (48), we obtain (29), which completes the proof of Theorem 5.
